Abstract. In the last decade processes driven by inverse subordinators have become extremely popular. They have been used in many different applications, especially for data with observable constant time periods. However, the classical model, i.e. the subordinated Brownian motion, can be inappropriate for the description of observed phenomena that exhibit behavior not adequate for Gaussian systems. Therefore, in this paper we extend the classical approach and replace the Brownian motion by the tempered stable process. Moreover, on the other hand, as an extension of the classical model, we analyze the general class of inverse subordinators. We examine the main properties of the tempered stable process driven by inverse subordinators from the infinitely divisible class of distributions. We show the fractional Fokker-Planck equation of the examined process and the asymptotic behavior of the mean square displacement for two cases of subordinators. Additionally, we examine how an external force can influence the examined characteristics.
Introduction
One of the simplest models used for the description of anomalous diffusion behavior is the classical continuous time random walk (CTRW) introduced by Montroll and Weiss [1] . Let us mention that anomalous diffusion systems are characterized by nonlinear mean square displacement, EX 2 (t) = t β with β = 1, β > 0, and for β < 1 the underlying process exhibits subdiffusive dynamics while in the case β > 1 it exhibits superdiffusive dynamics [2] - [5] . In recent years, the number of papers on the classical CTRW system and its extensions has grown rapidly [6] - [8] . This model is very often examined in the context of the so called subordinated processes. The idea of subordination was introduced by Bochner in [9] and explored further by many other authors. However, since the invention of the method of subordination through inverse subordinators, the subordinated process has become extremely popular. This is also related to the fact that there is a strong link between the abovementioned CTRW model and the Brownian motion driven by an appropriate inverse subordinator. The classical CTRW and its continuous version-the classical Brownian motion driven by a stable subordinator-as well as its extensions have found many interesting applications.
One should mention here charge carrier transport in amorphous semiconductors, intracellular transport, motion of molecules inside E. coli cells, etc [10] - [15] .
However, many observed phenomena do not exhibit behavior adequate for the classical CTRW and the subordinated Brownian motion. Therefore, there is a need to extend the classical model to a system that is more appropriate to the examined data. One of the extensions is the replacement of the Brownian motion by another Lévy process. One of the possibilities is the tempered stable process which is an extension not only for the classical diffusion process but also the more general stable Lévy process. It is worth noticing that the tempered stable process has many interesting properties (i.e. finite moments), but simultaneously remains close to the purely stable system. On the other hand, the tempered stable process is an extension of the Brownian motion but is non-Gaussian; therefore, it can be used for many real applications, especially with behavior typical for the intermediate case between Gaussian and stable. The tempered stable process has found many practical applications, for instance in physics [16, 17] , biology [18] , finance [20, 21] and indoor air quality problems [22] .
In this paper we analyze the tempered stable process driven by an inverse subordinator from the non-negative infinitely divisible class of distributions. We extend the classical model based on the subordinated Brownian motion by introducing a more general process, namely the tempered stable one. According to previous papers, we analyze the general class of subordinators that is also an extension of the classical approach, where only special cases of subordinators are considered. We show the main properties of the examined process and prove the formula for the fractional Fokker-Planck equation which describes the probability density function of the underlying system. The obtained fractional Fokker-Planck equation is an extension of the appropriate formula known for the classical subordinated Brownian motion. Moreover, we present the simulation procedure and for two cases of subordinators the asymptotic behavior of the mean square displacement, the main measure that classifies the examined process as anomalous diffusion. Additionally, we show how an external force can influence the examined characteristics of the analyzed process. The proposed model can be useful for data that exhibit non-Gaussian behavior with clearly visible constant time periods which is very often observable in many real phenomenon.
The rest of the paper is organized as follows. In section 2 we introduce the tempered stable distribution and process and show the Fokker-Planck equation for the probability density function of the examined system. In section 3 we introduce the idea of subordination through inverse subordinators. Here, we consider the general class of subordinators with non-negative infinitely divisible distribution. We present two examples of subordinators, stable and tempered stable, and for them we show the asymptotic behavior of the mean square displacement. Moreover, we show the simulation procedure. As the conclusion we examine the fractional Fokker-Planck equation for the tempered stable process driven by inverse subordinators from an infinitely divisible class of distributions. In section 4 we introduce the tempered stable process with an external force driven by inverse subordinators. Similarly to section 3, we examine two cases of subordinators and show the influence of an external force on the mean square displacement. Moreover, we also examine the fractional Fokker-Planck equation. The final section contains conclusions.
The tempered stable distribution and process
The idea of tempered stable distributions was introduced by Rosinski in [19] . In this paper we consider the tempered stable distribution with the Lévy triplet (σ 2 , ν, γ) defined as follows [20] :
In the literature the tempered stable (TS) distribution is known by different names including classical tempered stable [20] , truncated Lévy flight [23] , tempered stable [24] , the KoBoL distribution [21] , and the CGMY [25] . This distribution has been examined by many authors and proposed for different applications, see for instance [20, 21] , [25] - [28] .
A Lévy process (i.e. a process with independent stationary increments) induced by the tempered stable distribution is called a tempered stable process with parameters α,C + ,C − , λ + , λ − , m.
For simplicity in the further analysis we consider a special case, namely we assume m = 0 and λ + = λ − = λ, α > 1. Moreover, if we substitute
then it can be shown that in this case the Fourier transform φ T (t) (u) = Ee −iuT (t) of the tempered stable process {T (t)} takes the following form:
It is worth mentioning that the above function can be extended via analytic continuation to the region {z ∈ C : z ∈ [−λ, λ]}. For more details see [25] .
Using the Fourier transform we can obtain the cumulants of the tempered stable process,
Therefore, the first two moments of the process {T (t)} take the following form:
The procedure of generating sample trajectories of the process {T (t)} in points t 1 , t 2 , . . . , t n is as follows. In the first step we simulate the increments of the process ∆T i = T (t i ) − T (t i−1 ), i = 1, 2, . . . , n with the initial value T 0 = 0. In order to do this we simulate two random variables with totally skewed tempered stable distribution. The first one, random variable X, has tempered stable distribution with parameters α, (t i − t i−1 )C + , C − = 0, λ while the second one, Y , has tempered stable distribution with parameters α, C + = 0, (t i − t i−1 )C − , λ. The complete description of the simulated totally skewed random variables is presented in [29] , therefore we omit it here. As ∆T i we put Y + X. At the end we take T (t i ) = i k=1 ∆T i . In figure 1 (top panel) we present an exemplary trajectory of the process {T (t)} on the interval [0, 100] while in figure 1 (bottom panel) we show the second moment of the tempered stable process calculated on the basis of the Monte Carlo method with 1000 repetitions. We compare the simulation result with the theoretical second moment given in (2) . The values of the parameters are α = 1.5,
In the next theorem we present the Fokker-Planck equation for the probability density function of the tempered stable process {T (t)}. Theorem 1. Let {T (t)} be the tempered stable process with parameters α, C + , C − and λ with the Fourier transform given in (1) . The probability density function (PDF) g(·, t) of T (t) satisfies the following equation:
where 
whereẑ(k) is the Fourier transform of the function z(x).
Proof. The Fourier transform of the function g(·, t) which is a PDF of T (t) satisfies the following equation:
Now, taking the inverse Fourier transform of both sides of the above equation we obtain
We will prove that 1 2π
Indeed, on the right side of the above equation we have
then we have
On the other hand, it can be shown that 1 2π
Indeed,
we have
Therefore, as a final result we obtain
It is worth mentioning that the right-hand side of equation (4) αĝ (u, t) and (iu − λ) αĝ (u, t), respectively. Using the fact that the inverse Fourier transform of a product of two Fourier transforms is a convolution of the corresponding functions in time space, we obtain that
where l + (·) and l − (·) are inverse Fourier transforms of (λ+iu) α and (iu−λ) α , respectively, and * denotes convolution of two functions. Let us stress that g(·, t) l + (·) and l − (·) are real functions. Indeed, g(·, t) is a probability density function and after complicated calculations we can prove
The other components of the sum in equation (4) have real values. One can also find discussion of the operator (5) in [30] .
The subordinated tempered stable process
In this section we consider the tempered stable process with inverse subordinators. We calculate the main properties of the analyzed process and present two examples of subordinators that belong to the non-negative infinitely divisible family. Moreover, in the next part we derive the fractional Fokker-Planck equation which describes the probability density function of the underlying system. The subordinated tempered stable process {X(t)} t≥0 is defined as follows:
where {T (t)} is the tempered stable process defined in section 2 and {S Ψ (t)} is the firstpassage time process [32] , also called an inverse subordinator, which is defined as
In the above definition {U ψ (τ )} is the non-decreasing stochastic process with independent stationary increments (called a subordinator) with the following Laplace transform:
In our analysis we assume that the distribution of {U Ψ (τ )} belongs to the infinitely divisible class. Moreover, the Ψ(·) function is called the Lévy exponent and it can be written as
where m 1 ≥ 0 is the drift parameter and ν(dx) is the appropriate Lévy measure. Moreover, there is a strong relation between the Lévy exponent and the so called memory kernel M (·); namely, the memory kernel is defined via its Laplace transform which in the considered case takes the form [32]
In the further analysis we denote f (·, t) as the PDF of X(t), g(·, t) as the PDF of T (t), p(·, t) as the PDF of S Ψ (t) and h(·, s) as the PDF of U Ψ (s). In our analysis we assume that the processes {T (t)} and {S Ψ (t)} are independent. The subordinated processes have become popular in the anomalous diffusion context and have been considered for many different external processes {T (t)} and different subordinators. For example, as the external process the Brownian motion was considered in [33] , the arithmetic Brownian motion was presented in [34] while the stable Ornstein-Uhlenbeck process was considered in [35] . It is worth mentioning that the tempered stable process was also considered as the external process in [36] . Some important examples of non-negative infinitely divisible distributions that can be used as distributions of subordinators are one-sided stable, gamma, Mittag-Leffler, and onesided tempered stable distributions [32, 37] . One can find exemplary subordinators and corresponding inverse subordinators in [33] - [35] , [38] - [40] .
It is worth mentioning that there is a link between the subordinated tempered stable process and the continuous time random walk model. More precisely, in [41] the authors showed that the tempered stable process can be a random walk limit. Using the same reasoning as in [42] we can conclude that the tempered stable process with inverse subordinator can be a properly rescaled CTRW model.
One of the main measures that characterizes the atypical behavior related to subdiffusion is the mean square displacement (MSD). The MSD is defined as a second moment in time of the underlying process. As has been mentioned, if the MSD behaves like the power function t β , then we can classify the process as normal diffusion (for β = 1), subdiffusion (for β < 1) or superdiffusion (when β > 1). In the following proposition we present the general formula for the MSD for the tempered stable process with inverse subordinator from an infinitely divisible class of distributions. Proposition 1. The MSD for the process {X(t)} defined in (6) has the following form:
where M (·) is the memory kernel defined in (10).
Proof. The MSD for the process {X(t)} can be calculated as follows [43] :
where p(·, t) is the PDF of S Ψ (t). Because ET 2 (s) = sα(α − 1)λ α−2 (C + + C − ), we have
where
Using the fact that P (S Ψ (t) < s) = P (U Ψ (s) ≥ t), after standard calculations we obtain that the PDF p(·, t) of the inverse subordinator S Ψ (t) can be calculated as follows [44] :
where h(·, s) is the PDF of U Ψ (s). Then we obtain
where H(·, s) is the cumulative distribution function of U Ψ (s). Now, taking the Laplace transform with respect to t of the above equation, we get
.
Using the fact that the Laplace transform t → u of t 0 M (s) ds is equal to 1/uΨ(u) we get the thesis.
Below we present two examples of subordinators. We analyze the behavior of the MSD in the considered cases and classify the analyzed processes as anomalous diffusion systems. Moreover, we show the simulation procedure that can be used for different subordinators.
Stable subordinator
The stable subordinator {U Ψ (τ )} is a non-decreasing Lévy process (i.e. process of independent stationary increments) with the following Laplace transform:
Therefore the Lévy exponent Ψ(·) takes the following form:
This implicates the form of the memory kernel defined in (10); namely [39] ,
Therefore, the MSD of the process {X(t)} defined in (6) for the inverse stable subordinator takes the form
The above results indicate that the process {X(t)} for the stable subordinator exhibits pure subdiffusive behavior. In order to simulate the tempered stable process with the inverse subordinator firstly we should simulate an approximate trajectory of S δ Ψ (t) for the inverse subordinator S Ψ (t) defined in (7) . Let us define S δ Ψ (t) with a step of length δ > 0 as S δ Ψ (t) = (min{n ∈ N : U Ψ (δn) > t} − 1)δ, where U Ψ (δn) for n = 1, 2, . . . are the values of the subordinator at points δn. We can simulate the values of the stable subordinator by using known methods of simulation stable processes, see for instance [45] . Secondly, we simulate the approximate trajectory of the external process-the tempered stable process {T (t)}. Here, we use the method presented in section 2. Finally, by taking the superposition X δ (t) = T (S δ Ψ (t)) we obtain the approximated trajectory of the process {X(t)}.
In figure 2 (top panel) we present the sample trajectory of the tempered stable process driven stable subordinator. We observe here the constant time periods typical for processes driven by inverse subordinators. Moreover, in figure 2 (bottom panel) we show the mean square displacement of the subordinated process obtained by using Monte Carlo simulations with 1000 repetitions and the theoretical MSD given by formula (15) . The parameters of the considered process are α = 1.5, λ = 0.5, C + = C − = 1, γ = 0.8.
Tempered stable subordinator
The tempered stable subordinator {U Ψ (τ )} is a non-decreasing process with independent stationary increments with totally skewed tempered stable distribution, i.e. the process
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The tempered stable process with infinitely divisible inverse subordinators {U Ψ (τ )} with the following Laplace transform [40] :
where β > 0, 0 < γ < 1. The tempered stable subordinator has been considered in many applications like finance [38] and indoor air quality [22] . For the tempered stable subordinator the memory kernel takes the following form [39] :
) is a generalized Mittag-Leffler function [46] . Therefore, the MSD of {X(t)} for the tempered stable subordinator is given by
Because for small t the memory kernel M (t) behaves like t γ−1 we obtain
On the other hand, using proposition 3 in [47] we can conclude
One can find more properties of the tempered stable subordinator, for instance, in [34, 39, 43, 48] . In figure 3 (top panel) we present an exemplary trajectory of the process {X(t)} with the tempered stable subordinator. Here, we use a similar procedure of simulation to that in the stable case; the only difference is in the simulation of the inverse subordinator. For more details see, for instance, [16] . Similarly to the stable case we observe here constant time periods. In figure 3 (bottom panel) we show the MSD of {X(t)} calculated on the basis of Monte Carlo simulations with 1000 repetitions. We compare the simulated MSD with the fitted power functions for small and large values of t by using the least squares method. The values of the parameters are α = 1.5, λ = 0.5, C + = C − = 1, γ = 0.8 and β = 0.6.
Fractional Fokker-Planck equation for the tempered stable process with infinitely divisible inverse subordinators
In this section we derive the fractional Fokker-Planck equation for the subordinated tempered stable process with infinitely divisible subordinators.
Theorem 2. The probability density function f (·, t) of the process {X(t)} defined in (6) satisfies the following fractional Fokker-Planck equation:
where Φ t is the integro-differential operator defined as [49] Φ t f (t) = ∂ ∂t
M (·) is the memory kernel defined in (10) and ∂
is the operator defined in (4). Proof. If we take the notationĝ(x, u) as a Laplace transform t → u of g(x, t), then equation (3) in the Laplace domain takes the following form:
Using the fact that p(s, t) = −(∂/∂s) t 0 h(y, s) dy, we calculate the Laplace transform of the PDF of S Ψ (t), p(x, t), with respect to t,
Because f (x, 0) = g(x, 0), after changing the variables u → ψ(u), equation (19) takes the form The tempered stable process with infinitely divisible inverse subordinators Inversion of the above yields
4. The tempered stable process driven by inverse subordinators-influence of an external force
In many applications the observed phenomena do not exhibit behavior adequate for the pure tempered stable process driven by the inverse subordinator. The characteristics of the data indicate the influence of an external force. Therefore, in this section we analyze an extension of the considered process. More precisely, we concentrate on the following process {Y (t)} t≥0 :
where {T (t)} is the tempered stable process with the Fourier transform given in (1), {S Ψ (t)} is the inverse subordinator defined in (7) with the Lévy exponent Ψ(·) and F is the constant force. Similarly to the pure subordinated tempered stable process we assume that the processes {T (t)} and {S Ψ (t)} are independent. Using the same reasoning as in proposition 1 we can obtain the first moment of the process {Y (t)},
were M (·) is the memory kernel corresponding to the Lévy exponent Ψ(·).
Moreover,
Because the Laplace transform of the density p(s, t) of S Ψ (t) is given bŷ
Using the fact that the inverse Laplace transform of 1/Ψ 2 (u) is the function r(·) which is defined as follows:
we obtain On the other hand, we have
du, see proposition 1, and ES Ψ (t)T (S Ψ (t)) = 0. Therefore, we have
where r(·) is given in (21) . Below, we examine two cases of subordinators for the tempered stable process with an external force. Similarly to section 3 we show the behavior of the MSD for the considered cases.
Stable subordinator
Because in this case the memory kernel M (·) is given in (14), we have
The r(·) function defined in (21) in this case is given by
where B(a, b) is a β-function defined as follows:
Therefore, we obtain
In figure 4 we present exemplary trajectories of the tempered stable process subordinated by the stable subordinator for different values of the force F . The other parameters are α = 1.5, λ = 0.5, C + = C − = 1 and γ = 0.8. Moreover, we also present the mean square displacement calculated on the basis of Monte Carlo simulations with 1000 repetitions.
Tempered stable subordinator
Because for small values of t the memory kernel for the tempered stable subordinator with parameters γ and β behaves like t γ−1 , in this case we have the following:
where B(a, b) is a β-function defined in (22) . Using the same reasoning as in section 3, for large values of the t parameter we obtain
t.
In figure 5 we present exemplary trajectories for the tempered stable process with an external force subordinated by the inverse tempered stable subordinator for two different values of the F parameter. Moreover, in the bottom panel we also show the second Theorem 3. The probability density function f (·, t) of the process {Y (t)} defined in (20) satisfies the following fractional Fokker-Planck equation:
where Φ t is the integro-differential operator defined in (18) and the operator ∂ α,λ,C + ,C − x is given in (4).
Proof. Let us consider the tempered stable process with an external force, i.e. the process {Z(t)} defined as follows:
Z(t) = F t + T (t).
The Fourier transform of the probability density function k(·, t) of the process {Z(t)} satisfies the following relation: Taking the inverse Fourier transform of the above equation with respect to u we obtain the following:
∂ t k(x, t) = −F ∂ x k(x, t) + ∂ α,λ,C + ,C − x k(x, t).
The above equation in the Laplace domain t → u takes the following form:
uk(x, u) − k(x, 0) = −F ∂ xk (x, u) + ∂ α,λ,C + ,C − xk (x, u). Using the same reasoning as in the proof of theorem 2 we obtain that the Laplace transform of the PDF f (·, t) of Y (t) = Z(S Ψ (t)) satisfies the following relation:
f (x, u).
Now taking the inverse Laplace transform u → t we obtain the following:
]Φ t f (x, t).
Conclusions
In this paper we have analyzed the tempered stable process driven by inverse subordinators from an infinitely divisible class of distributions. We have extended the classical approach by replacement in the classical model of the Brownian motion by the more general Lévy process. We have shown the fractional Fokker-Planck equation of the examined process and for two different subordinators the asymptotic behavior of the mean square displacement. Additionally, we have examined the influence of an external force for the analyzed characteristics. This paper extends the classical approach and introduces new advanced tools that can be used for more complicated phenomena.
